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$Li_{k}(x):=\sum_{n=1}^{\infty}\frac{x^{n}}{n^{k}} (|x|<1, k\in \mathbb{Z})$






([3], [8]) ([6] )
[1] poly-Bernoulli ( modified
















$+ \sum_{j=0}^{k-2}(-1)^{j}\zeta(k-j)\zeta(1, \ldots, 1, s)\check{j}.$
$C_{n}^{(k)}$ modified poly-Bernoulli
$\frac{Li_{k}(1-e^{-t})}{e^{t}-1}=\sum_{n=0}^{\infty}\frac{C_{n}^{(k)}}{n!}t^{n}$
$\zeta(s_{1}, \ldots, s_{n});=\sum_{0<m_{1}<\cdot\cdot<m_{n}}.\frac{1}{m_{1}^{s_{1}}\cdots m_{n}^{s_{n}}}$






























$\zeta(s_{1}, \ldots, s_{k})=\frac{1}{\Gamma(s_{1})\cdots\Gamma(s_{k})}\int_{0}^{\infty}$ . . . $\int_{0}^{\infty}\prod_{h=1}^{k}x_{h}^{s_{h}-1}\prod_{j=1}^{k}\frac{1}{e^{\Sigma_{l=j}^{k}x_{l}}-1}dx_{1}\cdots dx_{k}$
$(\Re_{S}j\geq 1(j=1, \ldots, k-1)$ $s_{k}>1)$ $J_{1}(s)$ 1.1 3 1, 2
$\blacksquare$ 2 $J_{1}^{(k)}(s)$
(2.2) $\frac{d}{dx}Li_{k}(x)=\frac{1}{x}Li_{k-1}(x) (k\geq 2)$
(2.3) $\frac{d}{dt}Li_{k}(1-e^{-t})=\frac{Li_{k-1}(1-e^{-t})}{e^{t}-1} (k\geq 2)$
$J_{1}^{(k)}(s)= \int_{0}^{\infty}$ . . . $\int_{0}^{\infty}x_{k}^{s-1}(\frac{d}{dt}Li_{2}(1-e^{-(\Sigma_{h=1}^{k}x_{h})}))\prod_{j=2}^{k}\frac{1}{e^{\Sigma_{\iota=j}^{k}x_{l}}-1}dx_{1}\cdots dx_{k}$
$= \int_{0}^{\infty}\cdots\int_{0}^{\infty}x_{k}^{s-1}\{\zeta(2)-Li_{2}(1-e^{-(\Sigma_{h=2}^{k}x_{h})})\}\prod_{j=2}^{k}\frac{1}{e^{\Sigma_{l=j}^{k}x_{l}}-1}dx_{2}\cdots dx_{k}$
$=\Gamma(s)\zeta(2)\zeta(1_{\tilde{k-2}},1, s)-J_{2}^{(k)}(s)$
1.1 3 3 :
$J_{1}^{(k)}(s)= \Gamma(s)\sum_{j=1}^{k-1}(-1)^{j-1}\zeta(j+1)\zeta(1,\ldots 1, s)+(-1)^{k-1}\Gamma(s)\xi_{k}(s)\check{k-j-},1^{\cdot}$
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$L_{k}(s) := \frac{1}{\Gamma(s)}\int_{0}^{\infty}t^{s-1}G(t)P_{k}(\varphi(t))dt (k\geq 1)$
$\varphi(t)$ $C$
(2.5) $G(t)=C \frac{\varphi’(t)}{\varphi(t)}$
$P_{1}(x)$ $\varphi(t)$ $(P_{1}(\varphi(t))=t)$ . $P_{k}(x)$













$($ $C=1/N)$ . $P_{k}(x)=Li_{k}(x)/N$
$L$
(4.1) $L_{k}(s, \chi;l- e-Nt)=\frac{1}{\Gamma(s)}\sum_{m=1}^{N}\chi(m)\int_{0}^{\infty}t^{s-1}\frac{e^{(N-m)t}}{e^{Nt}-1}\frac{Li_{k}(1-e^{-Nt})}{N}dt.$
(4.2) $\xi_{k}(s, a);=\frac{1}{\Gamma(s)}\int_{0}^{\infty}t^{s-1}edt{}_{(1-a)t}Li_{k}(1-e^{-t})e^{t}-1 (0<a<1)$ ,
(4.1)
$L_{k}(s, \chi;1-e^{-Nt})=\frac{1}{N^{s+1}}\sum_{m=1}^{N}\chi(m)\xi_{k}(s, m/N)$ .
$\xi_{k}(s, x)$ $\Re s>0$










Dirichlet $L$ (4.1) $L$ 1.1 3
$L$
4.3 Hurwitz
(4.4) $\zeta_{H,k}(s_{1}, \ldots, s_{k};x):=\sum_{0<n_{1}<\cdot\cdot<n_{k}}.\frac{1}{n_{1}^{s_{1}}\cdots n_{k-1}^{s_{k-1}}(n_{k}-1+x)^{s_{k}}} (0<x<1)$
$L$
$L_{k}(s_{1}, \ldots, s_{k};\chi):=\sum_{m=0}^{N}\chi(m)\zeta_{H,k}(s_{1}, \ldots, s_{k};m/N)$
(4.1)
4.4( [10])






$= \frac{(-1)^{k-1}}{N^{s+1}}\{\sum_{j=1}^{k-1}L_{k}(1, \ldots, 1^{j-th}2, 1, \ldots, 1, s;\chi)\downarrow+sL_{k}(1, \ldots, 1, s+1;\chi)\}$





$P_{1}(x)= \frac{4}{N}$ arctanh $x=(4/N) \int_{0}^{x}\frac{dx}{1-x^{2}}=\frac{4}{N}\sum_{n=1}^{\infty}\frac{x^{2n-1}}{2n-1}=:\frac{4}{N}$ Athl $(x)$ .




$\psi_{k}(s, a)$ $:= \frac{1}{\Gamma(s)}\int_{0}^{\infty}t^{s-1}e^{(2-4a)t}dtAth_{k}(\tanh t)e^{2t}-e^{-2t}$ for $0<a<1,$
(5.1) :
$L_{k}(s, \chi, \tanh(Nt/4))=(\frac{4}{N})^{s+1}\sum_{m=1}^{N}\chi(m)\psi_{k}(s, m/N)$ .
190
$\psi_{k}(s, a)$ $\Re s>0$







$L_{k,(4)}(s_{1}, \ldots, S_{k;\chi)}:=\sum_{m=1}^{N}\chi(m)\zeta_{H,k,(4)}(s_{1}, \ldots, s_{k};m/N)$ .
$L$ (5.1)
5.3( [10])





$=(-4)^{k-1}( \frac{N}{4})^{1-s}\{\sum_{j=1}^{k-1}L_{k,(4)}(1, \ldots, 1^{j-th}\downarrow 2, 1, \ldots, 1, s)+sL_{k,(4)}(1, \ldots, 1, s)\}$
$+( \frac{N}{4})^{1-s}2^{-k}\sum_{j=0}^{k-2}(-1)^{j}2^{3j}(2^{k-j}-1)\zeta(k-j)L_{j+1,(4)}(1, \ldots, 1, s)\tilde{j}.$
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